Importance Sampling
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Importance Sampling: idea

. . . . [Example from https.//www.youtube.com/watch?v=pAbQHKr_Zqgo]
= Rolling one dice: “fair” vs “biased”

robabilit robabilit
P A Y random variable P A Y random variable
0.5+ with values in B o4 with values in
F .l w(X) {0,1,2,3,4,5,6} | {0,1,2,3,4,5,6}
A 0.3 uniform probability distribution A 0.3
L A S 0o
R 0.11 I I I I I I E 0.1-
O.O_ L] L e @ o o L N D 0.0_
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Importance Sampling: idea

. . . . [Example from https.//www.youtube.com/watch?v=pAbQHKr_Zqgo]
= Rolling one dice: “fair” vs “biased”

robabilit robabilit
P ) Y random variable P A Y random variable
0.5+ with values in B o4 with values in
F .l w(X) {0,1,2,3,4,5,6} | {0,1,2,3,4,5,6}
A 0.3 uniform probability distribution A 0.3
L A S 0o
R 0.11 I I I I I I E 0.1-
O.O_ L] L e @ o o L N D 0.0_

What is the expected outcome, respectively?
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Importance Sampling: ide

. . . . [Example from https.//www.youtube.com/watch?v=pAbQHKr_Zqgo]
= Rolling one dice: “fair” vs “biased”

pmb%blhty random variable P rObE}bﬂlty random variable
0.5+ with values in B osqg with values in
F oo w(X) {0,1,2,3,4,5,6} T ool {0,1,2,3,4,5,6}
A oy 4 A oy
0.37 uniform probability distribution 0-3—_
L A S 0o
ROl—IIIIII EO.l—-
0.0_- L] L e @ o o L N D 0.0_
What is the expected outcome, respectively?
6 6
1 21
E,[X]:= qu(X =1r)= Z:B— = — =35
6 6

Deep Learning : 11b-Importance Sampling [4]



Importance Sampling: ide

. . . . [Example from https.//www.youtube.com/watch?v=pAbQHKr_Zqgo]
= Rolling one dice: “fair” vs “biased”

pmb%blhty random variable P rObE}bﬂlty random variable
0.5 with values in B os5du with values in

F 04_- U(X) {O) ]-727 3;4;5;6} I 04__ {O, 1,27 3,4’5’6}

Ayl . '

uniform probability distribution 0.3

-111111
10-2‘666666 0.2

A

S
R’Ol—-IIIIII EO.l—-
0.0—- D 0.0—-

What is the expected outcome, respectively?

=
s
L
||
%
ot

6
Ep[X]:=) zp(X =z)=05+0.52+0.39 +0.24 + 0.15 + 0.12 = 1.92
=1
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Importance Sampling: idea

. . . . [Example from https.//www.youtube.com/watch?v=pAbQHKr_Zqgo]
= Rolling one dice: “fair” vs “biased”

pmb&iblhty random variable P rObEkblhty random variable
0.5 with values in B o5& with values in
F 04_- U(X) {O) ]-)27 3;4;5;6} I 04__ {O, 1,27 3,4,5,6}
A 0‘3_- A 0.3—-
L A S 0o
R 0.1—-I I I I I I E 0.1-
O.O_- LJ el |® o | o | O D 0.0_
R EY  E,[X] =35 E,[X]=1.92

» Whatif p(X) is unknown?
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Importance Sampling: ide

. . . . [Example from https.//www.youtube.com/watch?v=pAbQHKr_Zqgo]
= Rolling one dice: “fair” vs “biased”

pmb%blhty random variable P rObEkblhty random variable
0.5 with values in B os{w with values in
F o] w(x) 10:1.2:3:4,5.6} T o p(x) 10123456}
A 0,3—- A 0.3—-
L A S 0o
R 0.1—- I I I I I I E 0.1—-
0.0_- L] L e @ o o L N D 0.0_-
R EY  E,[X] =35 E,[X]=1.92
» Whatif p(X) is unknown?
compute the average outcome of N rolls of the biased dice
| N
~ (p)
Ep [X ] ~ N ZX@ Monte Carlo method
i=1 /

outcome of the ith roll (with probability p)
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Importance Sampling: ide

. . . . [Example from https.//www.youtube.com/watch?v=pAbQHKr_Zqgo]
= Rolling one dice: “fair” vs “biased”

prob.‘:‘Lbility random variable P robekbﬂity random variable
0.5 with values in B os{w with values in
F ool w(Xx) 10,1,2,3,4,5,6; T oal px) {0,1,2,3,45.6}
A 0,3—- A 0.3—-
L A S 0o
R 0.1—-I I I I I I E 0.1—-
00_- L] el |e o | o | @ D 00_- [ ] o | o||® o | @
JOEBEE E[X] =35 JOEEEE B [X]) =1.92
» What if sampling from p(X) is impossible ?
: =~ p(o) p(X)
E,[X]:= X =)= S =E, | X

p(x)
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Importance Sampling: ide

. . . . [Example from https.//www.youtube.com/watch?v=pAbQHKr_Zqgo]
= Rolling one dice: “fair” vs “biased”

pmb%blhty random variable P roba\blllty random variable

0.5 with values in B 05w with values in
F 0‘4_' U(X) {0,1,2,3,4,5,6} I 0'4_' p(X) {0,1,2,3,4,5,6}
A 0,3—_ A 0.3—_
L A S 0o
R 0.1—- I I I I I I E 0.1

0.0_- [ ] [ ] [ B ) [ BN ) [ BN ) D 0.0_ [ ] [ ] [ N [ BN ] [ B )

®lle o ||o o [6%] |o o Eu [X] — 3.5 *|le o | lo o [6%] [® & Ep [X] — 1.92

» What if sampling from p(X) is impossible ?

_ ia}p(X — ) = 6 L2 ) R, [XP(X)]

~ u\xr
p(x) (@)
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Importance Sampling: ide

. . . . [Example from https.//www.youtube.com/watch?v=pAbQHKr_Zqgo]
= Rolling one dice: “fair” vs “biased”

pmb%blhty random variable P roba\blllty random variable
0.5 with values in B oy with values in
F . w(X) {0,1,2,3,4,5,6} | {0,1,2,3,4,5,6}
A 0‘3_- A 0.3—-
L A S 0o
R 0.1—-I I I I I I E 0.1-
0.0_- L LINL AN e ol jeo o D 0.0_
R EY  E,[X] =35 E,[X]=1.92

» What if samDIinq from p(X) is impossible ?

0 x X
Z rp(X ) =)= “ a;i(x)u(x)/:]Eu [ %X;] Importance Sampling

importance dis tr/butlon

zl U’Xz(u)

target funct/on
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Importance Sampling: applications

= Computing expectations:

1w p(X™)
] NZ:: w(xX™)

E,[X] = E, [

Any probability distribution q in place of u can be used, but some are better than others:

A A
0.5 0.5+ D this is better

l l because gives
0.4 0.47 more “importance”
0.3 0.3 to?mts where p is high
0.2+ 0.24 \
014 TN\ T T 0.1

| ] .r’/ Sy
0.04——7— —T T 0.0r—r——71T T 7T T T T

0 1 7 & 0 1 2 3 4 5) 6 7 8
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Importance Sampling: applications

= Computing expectations:

N ()
E,[X] =E, [ 1%] o1 Zng)p(Xi )

The target function has not to be normalized:

~—— known
_ f(@)
p(x) ==
~—— unknown normalizing constant
N )
11 f(X;
E, X] = a:—dzc / R =N X,i(Q) ( (q))
/ i=1 q(X;™)

here X is acontinuous random variable
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Importance Sampling: applications

= Computing expectation5°

EP[X]:E[ ] ZX X{Q)

The target function has not to be normalized:

~—— known
_ f(@)
p(x) == =
~—— unknown normalizing constant
N )
1 Fa)
E, X] = 3: da: f ——ZXZ-(Q) L
FN i=1 Q(Xz'(Q))
with

- [ o= [T q(ais %i X(
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Importance Sampling: applications

= Computing expectations:

p0] 1 = v p(X?)
XQ(X)]N 2%

E,[X] =E,

= Computing integrals:

F:ff(w)dx:/%q(w)dx%%z

Deep Learning : 11b-Importance Sampling
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Importance Sampling: applications

= Computing expectations:

X]LX)] ~ lZX.(W(X'

EP[X] = [, q(X)

= Computing integrals:

. N (q)
F = /f(a;')dx = / Mq(w)dx ~ %Z fX )

q()

= Rare eventestimation: .

P(X >~)=?

N\f

Deep Learning : 11b-Importance Sampling
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Importance Sampling: applications

= Computing expectations:

E,[X] =E, Xp(X)] ~ ix@p(&(@)

q(X)

= Computing integrals:

. N (q)
F = /f(a;')dx = / Mq(w)dx ~ %Z fX )

q() (X19)
= Rare eventestimation: .
P(X >~) :/ rp(x)dz "
¥ 0.3

N 0.0

1
~ FHK 27

i=1 0.17

for a good approximation
N has to be huge!

Deep Learning : 11b-Importance Sampling
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Importance Sampling: applications

= Computing expectations:

ZLX)] ~ 1 ZX(Q)p(Xq: )

EP[X] = [, q(X)

= Computing integrals:

/(@) 1 (X
:/f(:c)dx:/q(—x)q(w)dxw NZ:: (Xi(q))

1=1
* Rare event estimation: 0.5 ,""‘\ Ns rrzz;ltljeirred
P(X >) = / Po) (2)da i
. @) .
N !
p(X,”
N # {X@(Q) (9) ) =7
Q(Xz ) 1=1 ‘;X
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Importance Sampling: applications

= Computing expectations:

E,[X] =E, [X%] ~ L ZX(q)p(X-

= Computing integrals:

_ (1@ e L5 D)
F = /f(ac)dac = / (@) q(x)dx ~ ~ ; q(XZ-(q))

= Rare eventestimation:
1 X\
P(X >~) = / :cp—(w)q(:v)d:c ~ —H# {X?;(Q)p—( i) > ’Y}

N
x>y () N (X7

1=1

Everything works for a multivariate random variable X too!
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Importance Sampling: applications

= Computing expectations:

3 p(X)| _ 1 (9 P(X; ")
E,[X] =E, [Xq(X)] N lez q(X-(Q)) Weights transform X
v= ! into a new rando(n;(\sariable
— x P\
= Computing integrals: ARTES
_ NI R
P [ fae = [ { e~ 53

1=1
= Rare event estimation:

P(X =) :/ qu(w)dw% i# {X-

X>y Q(x)

Everything works for a multivariate random variable X too!
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Importance Sampling: applications

new variable

= Sampling from probability distribution p:
1) sample Y; from an easy probability distribution ¢
¢(X)

2) apply a suitable transformation 7 that acts as the multiplication by m
p

X@' = T(E)

How to choose T ?
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An aside:
Sampling from inversion
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Cumulative distribution function

= Cumulative distribution function (CDF) of a probability distribution:

PDF
1
0.75 1
0.5 1
0.25 1
0 I I I
0 0.25 0.5 0.75 1
f(z)

.

X is arandom variable with values in [0, 1]

CDF

1

0.75 1

0.5 1

0.25 1

/F(sc) - / F(t) dt

probability of X < x

Deep Learning : 11b-Importance Sampling
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Inversion Sampling in one dimension

= Inversion Sampling for X in [0, 1]:

1) compute F(z) = / f(t)de CDF
0 1
2) generate a random number u
from the uniform distribution in [0, 1] 0.75
3) compute . = F~ ' (u) “ .
0.25 A
* x is distributed according to f, T o
with CDF F | ' |
i

PX<z)=PX<F 'u)=PF(X)< 1} u= F(x)

since. P(U < u) = u forthe uniformly distributed random variable U := F'(X)
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Inversion Sampling one dimension at 3 time

= Inversion Sampling for X = [X1,...,X,] in [0,1]%

1 rq
« computing F'(x) :/ / f(t)dt and F~' isoften infeasible
0 0

* probability factorization:

P(x1,...,2q) = P(x1)P(xo|21) - Plaxg|®1,. .., xq-1)

with P(xl):/ P(x1,29,...,2q)dxs...dxy
[0,1]d—1

and

P(ka'xla"'axk‘—l) :/ | kP(‘/Ela"'axk—laxkaxk-i-l)'"axd)dxk-l-l---dxd
[0,1]¢=
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Inversion Sampling one dimension at a time

» Sequential Sampling for X = [X1,..., X4] in [0,1]%

univariate

1) compute Fi(x) := / flx,zo,...,2q)dzs...deg — (Conggg”a/)
[0,1]4~1

2) generate arandom number u; from the uniform distribution in [0, 1]
3) compute & := F 1 (u;)
4) compute Fy(x) := / f(Z1,x,23,...,24)dxs...dxy

[0,1]01—2

5) generate a random number w5 from the uniform distribution in [0, 1]

6) compute @5 := F;, ' (us)

& :=[T1,...,24] isasamplerandomly generated from the PDF f(x)

Deep Legrning : 11b-Importance Sampling
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Inversion Sampling one dimension at 3 time

» Sequential Sampling for X = [X1,..., X4] in [0,1]%

» computing all the univariate CDFs and inverting them is expensive

= Take-home ideal:

the transformation 7 required in the importance sampling should
 approximate the (inverses of the) CDFs

* be easily computable
* be easily invertible

Deep Learning : 11b-Importance Sampling
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Advanced methods:
Bijectors for Importance Sampling
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Importance Sampling: details

» The transformation T is a bijector (or normalizing flow):
alto-Tmap 7:Y - X
YT

/

sampled with uniform probability distribution u

For & — T(ﬁ) Diracdelda: 1if y = gy, 0 otherwise

Deep Learning : Ttb-Importance Sampling [28]



Importance Sampling: details

» The transformation T is a bijector (or normalizing flow):
alto-Tmap 7:Y - X
YT

/

sampled with uniform probability distribution u

For & := T (y)

/

Jacobian at .73

Deep Learning : Ttb-Importance Sampling [29]



Importance Sampling: details

» The transformation T is a bijector (or normalizing flow):
alto-Tmap 7:Y - X
YT

/

sampled with uniform probability distribution u

For & := T (y)

these should be easy and fast to compute
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i-Aow:
Normalizing Flow with Coupling Layers
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u i-fIOW [Gao et al. 2020]

* the bijector is a chain of coupling layers:

T(y) :=cy(...(ca(ei(y)))...)

so that
T (@)= e (e

(
()] -1

with y) =y and 3y = ¢;(yV))

(e (@)...))

dc; ( y(J )
det( Oy) )

-1 —1

* each coupling layer ¢; is a 1-to-1 map
easy to invert and with an easy to compute Jacobian

Deep Learning : 11b-Importance Samplin [32]
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i-How: details

= Single Coupling Layer c: e
1) input: y with dimension d := dim(X)
2) partition the set of dimensions {1,...,d} @ @
into two disjoint non-empty sets A and B
3) partition y accordingly: Y4 := [yilica NNH CB]
(masking)

Y = [Yilicn
4) fix y4 and transform yp: YA = Yya @

ys = cp(ys; NN(ya))
/ T

1-to-1 map Neural Network

5) output: y°"" with dimension d
obtained by rearranging components of [¢(y4), c(yg)] in the same order as y

Deep Learning : 11b-Importance Sampling [33]



i-fHow: details

= Chain of J coupling layers:
* input: y withdimension d := dim(X)

- apply ¢; with partition [A;, By] to yV) =y
* app')’ Cj with partitiOn [AjﬂBj] to y(J) — Cj—l(y(j_l))

. return x = cy(y""))

Deep Learning : 11b-Importance Sampling [34]



i-How: details

= Chain of J coupling layers:
* input: y withdimension d := dim(X)

« apply c¢; with partition [A1, By] to y(l) =y
* apply ¢; with partition [4;, B;] to yU) = cj_l(y(j_l))

. return x = cy(y""))

Make sure to capture all possible correlations between every dimension of y:

— each dimension should by transformed (being in a B-set) at least once

— all dimensions should be transformed equal number of times

— the total number of coupling layers in the chain should be at least

- d for d <5
M) 2[log, d for d > 5

Deep Learning : 11b-Importance Sampling [35]




i-fHow: details

= Coupling layer:

Ya E Yya
YB e cp(yp; NN(ya))

" Inverse: these are equal
YL sy

out out out

|
Yp '—>CB (yB 7NN(yA )

Deep Learning : 11b-Importance Sampling [36]



i-fHow: details

= Coupling layer:
Ya E Yya

yp = ca(yp; NN(y4))

= [nverse:
out out
Ya '—> Ya
out out out
Yp '—>CB (yB ; NN(y%"))
= Jacobian: identity

—1

—1

D o
det dcg ONN  Ocp
ONN Oya oyp

(%50

by reordering components
(for simplicity)

- e (2t NNy
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i-fHow: details

= Coupling layer:
Ya = Ya

yp = ca(yp; NN(y4))

" Inverse:
out out
Ya '—> Ya
out out, out
Yp - > Cp (yB ; NN(y%")) no need to invert
nor compute the Jacobian
= Jacobian: of the NN

-1

-1

oo (20)| -

Deep Learning : Ttb-Importance Sampling [38]

1 0
det dcg ONN  Ocp
ONN Oya oyn

_ | Aot (503(y%y12N(yA)))




