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An Empirical View
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Regression with Feed-Forward Neural Network

Target function: ¥y = f*(x), = € R

D= {(", y)}L,

(Estimator)

j=w-gWz+b)+b, WcR"™ wbecR"becR
(Mean Squared Error)
N
1 . ,
1=1

(Gradient descent, and its variants)
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Independent. Identically Distributed (iid)

N

D— {(mugy(z’))}

data item

1=1

Identically distributed
p* (m@),y(i)) —p* (mu)’ym) Vi,

where p*(x,y) is the (unknown) true probability of all possible data items

Independent

. ({(wm,y(z‘))}il) “IL o (29.4)

1=1
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Unbigsed Dataset

Is the dataset representative of the true distribution p™ (zc, y) of the population?

Target population

/ probability in the dataset

. . N.
PD (x(Z)ay(Z)) —

N ® o o
Representative Unrepresentative
sample sample

[Image from https://cms.galenos.com.tr/Uploads/Article_53618/Diagn%20Interv%20Radiol-28-450-En.pdf]
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Predictions?

Optimization:
The aim is finding the parameters that make the representation
best approximating the target function over the dataset

However, in general pp (ZL', y) +p (33; y)

Fundamental question:
How good is the approximator with data items
that are not in the dataset?

In other terms, given pp (x,y) = pp (y|x) pp ()
what happenswhen pp () =0 ?
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Predictions?

Problem:
Why should an approximator, however powerful, be able to deal with the case pp () =0 ?

= Inductive Bias

The structural assumptions embedded within the system’s architecture,
alongside those presumed to govern the target population:

* Continuity and Smoothness:
A Feed-Forward Neural Network synthesizes a continuous function.
This forces the network to produce a "smooth" transition from the known regions pp (:I:) > 0
into the ‘unknown’ pp () = 0

* Manifold Hypothesis:
The assumption that high-dimensional data points @ where p* () > 0
concentrate on or near a lower-dimensional, continuous manifold
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Overfitting

When the training process becomes too specific to the training set

» Training set, validation set, test set
Splitting the dataset

D = Dtrai'n, U Dval U Dtest
(@D, y O = (@D, yD) e U {(@®,y ™)1 U @O,y )}y
Nt'rain > N'Uala Ntest

Train Validation Test
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Overfitting

When the training process becomes too specific to the training set

* Training set, validation set
Splitting the dataset

D = Dtrai'n, U D'z)a,l U Dtest
(@, y L, = (@D, y D)o U (@, y®)) e U (@0, y0))
Ntrain > N'Uala Ntest

4.0 1 T
- Validation set
i : 35 - - Training set ||
Training is made on Dyyqin  only 9
3.0f 1
Ateach epoch __ when the whole D tygin
has been processed o 227
k= Best model
the loss function is evaluated on DD, 2.0y
15}
After some epochs, the performance on D, Qo T T ]
mightgetworse | T
033 100 200 300 400 500
Epoch

Image from https://www.safaribooksonline.com/library/view/hands-on-machine-learning/9781491962282/ch04.html
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k-Fold Cross-Validation

= One dataset, multiple splits
1) Divide the dataset into & splits (i.e. folds)
2) Use k-1 folds for training and 1 fold for testing

3) Unless all combinations have been
considered, change combination
and go back to 2) All Data

Consider the average test loss Training data Test data
across all possible combinations

‘ Fold 1 H Fold 2 H Fold 3 H Fold 4 ‘ Fold 5 ‘\

spiit1 | Fold1 || Fold2 || Fold3 || Fold4 || Fold5 |

split2 | Fold1 | Fold2 | Fold3 || Fold4 || Fold5 |

Spiit3 | Fold1 || Fold2 || Fold3 || Foid4 || Foids |

Split4 ‘ Fold 1 H Fold 2 H Fold 3 H Fold 4 ‘ Fold 5 ‘

Finding Parameters

Split5 ‘ Fold 1 H Fold 2 H Fold 3 H Fold 4 H Fold 5 ‘/

Final evaluation ‘I: Test data

Image from https://www.kdnuggets.com/2020/01/data-validation-machine-learning.html
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A More Formal Perspective

Deep Learning 2025-2026 Predictions [11]



Two Kinds of Errors: Risk

(Mean Squared Error > Empirical Risk)
N

L(D) =+ 3 (i) —y®)’

1=1
\ This what we use for optimization

(a.k.a. learning)

(Theoretical > Expected Risk)

R(G) =By |(5(2) —y)°

This what we aim to minimize

/ \ The (unknow) true probability of data items

This is our true goal:

minimizing the risk of error we face when using our estimator

on any input drawn from the true distribution p*
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The World of Data is Noisy

Assume a standard noise model (as previously done)
(2D, y) = ¢y = (D) +¢
where ¢ ~ N(0,07),
which means p = f*(x¥), vi.

This implies:

Ep:ly | 2] = f~ ()

Var, (y|z) = E,+[(y — f*(x))?] = 0”

This term is the intrinsic variance of the true population:
it is a property of the data-generating process itself
and remains constant regardless of which approximator we train
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Estimators and Risk
Assume datasets are i.i.d. and unbiased
D ~ ( p* ) N

Define
Q(D, 19) — gD

as an estimator trained on dataset [)

The Expected Risk of using estimator 7 trainedona specific dataset 1) onanyinput x in the wild is:

~ ~ 2 ~ 2
R(jp(@)) = Epe | (7p(@) ~ 9)°| =Ep.: |(7p(@) — v)°]
/
This emphasize the coexistence of two independent stochastic processes:

* The sampling of the dataset D
» Theintrinsic noise in the target Y
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Bias and Variance
We use the notation

Ep [yp(x)]

for the expected prediction function, namely the expected value produced for any input @
by the ensemble of all possible estimators trained on datasets of size N

:(%(39‘) - 9)2}
=Ep. | (y — Eplip(z)] + Epljp(x)] - ?’D(w))z}

(y —Ep[yp(®)])?] +Ep [(Ep[ip(®)] — 45 (x))?]

=Ep. [(f*(z) + e~ Eplip(@)))?] +Ep [(Eplip(@)] - jp(x))?]

= (f*(z) —Eplyp(x)])* + Ep [(§p(x) — Eplyp(x)])?] + o7
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Bias and Variance
We use the notation

Ep [yp(x)]

for the expected prediction function, namely the expected value produced for any input @
by the ensemble of all possible estimators trained on datasets of size N

R(jp(x)) = (/" (®) = Ep[ip(x)])” + Ep [(§p(2) — Eplip(@)])*] +o°

. —/

Y iy,

Bias?(x) Variance(x)

« Bias®(x) measures the structural error: how far the expected prediction function
is from the true f*(x)

» Variance(x) measures the estimation error: how much the estimator 4p(T)
fluctuates around its own average due to the specific draw of the dataset D

« o2 istheirreducible error: the intrinsic noise variance in the true distribution p*
which no estimator can eliminate
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Bias and Variance

‘Classical’ figures need to be interpreted

Low Variance High Variance

2
E: Total Error
&
k: §
: S
g g
<
s
- £ i
<] g ; Variance
ul :
& 2
< Bias
= - =
5 -
Model Complexity
These figures represents Bias and Variance These are the two components of overfitting
as general concepts
R However, in what sense model complexity increases?
They do not relate to the specific dataset ) (see next slide)

[Images from http://scott.fortmann-roe.com/docs/BiasVariance.html]
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Bias and Variance

These are the two terms involved

-

(f"(x) — Epljp(x)])* + Ep [(§p(2) — Eplip(2)))’]

Error

>y

Y

Bias?(x) Variance(x)

* Bias does not depend on
« InVariance term D is kept fixed

How can the model increase its complexity?

Recall that
Up = y(D, V)

As the parameters ¥ change during optimization,
the estimator's capacity increases, allowing it
to more closely fit the specific dataset D

>

Degree 1
MSE = 4.08e-01(+/- 4.25e-01)

Optimurm Model Complexity

Total Error

Variance

&

Model Complexity

Degree 4
MSE = 4.32e-02(+/- 7.08e-02)

[Image from http://scott.fortmann-roe.com/docs/BiasVariance.html]

Degree 15
MSE = 1.82e+08(+/- 5.46e+08)

—— Model
True function
e Samples

—— Model
True function
e Samples

—— Model
True function
e Samples

d

[Image from https://scikit-learn.org/stable/auto_examples/model_selection/plot_underfitting_overfitting.html]
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Evaluating a Classifier
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Balanced vs. Unbalanced

Sometimes, even when the dataset is unbiased

N
1 : .
e ~c (i), (9)\2
L(D) = Z(y(fc ) —y')
1=1
might be biased
Balanced Dataset Unbalanced Dataset [
When feature distributions 500 P
are unbalanced (in the population) 0] 0
an estimator minimizing MSE 2 300 g 0
the expected error will be biased towards 8 8

200 1

over-represented classes

100 100

Group A Group B Group C Group A Group B Group C
Group Created by Nabib Ahmed Group

[Image from https://medium.com/@nahmed3536/data-bias-what-all-data-practitioners-should-be-aware-of-115eaeae48¢]
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Classifier: Confusion Matrix

= Actual VS. Predicted Classes

Predicted:
the class with the highest probability

Binary

Positive

\Ac‘a

LE
True Positive (TP
(TP) Positiv;/ Negative
Predicted
False Positive (FP)

True Negative (TN) False Negative (FN)

Deep Learning 2025-2026

Actual

Multi-Class
£
: 3 10| 2
B 2 | 3
gl 2 1 2
sl 1 0 2

Elephant Monkey Fish Lion

Predicted
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Classifier: Confusion M3trix
= Actual VS. Predicted Classes

True Positive (TP)

Multi-Class
False Negative (FN)

\

For class
Monkey

Actual

Elephant

Prediciﬂ
True Negative (TN) False Positive (FP)
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Classifier: Metrics

" Accuracy TP + TN
accuracy =
YT TPYTN+ FP+FN
= Recall TP also called ‘sensitivity’
recall := —
TP+ FN
= Precision
. TP
recision =
P TP+ FP
m F1
precision - recall 2
Fpy =2 _— — 1 1
precision + recall precision + recall

typically preferred when
when positive and negative cases are highly unbalanced
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Receiver Operating Characteristic (ROC)

Consider a binary classifier that produces a probability distribution
Where do we put the decision threshold 7Y ?

Vs as estimated by the classifier
ye{0,1} gy=11if ply(z)=1) >~

Consider the probability values:

Y=0

ply=0]y=1)

>

‘true’ distribution - ‘L
~_ . ply=1|7=1) true positive
p(y|y) = Cole—1)  fal » )
ply=0|gy=1) false positive A P
which could be estimated as 100% A  m—
same as ‘recall’ degreasing--="" -~
« e TP / ”" ./_/',
true positive rate (TPR) := TP L FN o(TP), TPR | INCIRGSING /.x; |
‘ .- noski
FP
false positive rate (FPR) := s
P FPR) = Zp T TN L-
0% P(FP), FPR 100%

these values depend on the threshold ~y we choose

Deep Learning 2025-2026

[Image adapted from https://en.wikipedia.org/wiki/Receiver_operating_characteristic]
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Area Under Curve CAUC)

A random classifier is right / wrong Perfect ROC curve
an equal number of times, regardless of 7Y 1 OClaSSIerr

TPR = FPR, VY~

whereas a good classifier should have

TPR > FPR, VY~

The Area Under Curve of the ROC measures
the overall efficiency of a classifier

True positive rate
o
@)

For a random classifier: AUC = 0.5

For a perfect classifier: AUC =1.0 0.0
0.0 0.5 1.0

False positive rate

[Images from https://en.wikipedia.org/wiki/Receiver_operating_characteristic]
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