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Function Approximation (3.k.3. Regression)
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Regression
= Function approximation
y=f"(z), zecR
Feed-forward neural network

y=w-g(Wa+b)+0

The Feed-forward neural network is
used as an approximator of f*(x) Y
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Classification
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Classification: Softmax
= Classification
y= f*(x), xeR? ye{class;}",

Feed-forward neural network with a Softmax layer

exp(w@- . g(WZL‘ -+ b) + bz)

P(y = class; | @) :=

S exp(w; - g(Wa + b) + b))

lion fish monkey elephant

From now on
P(y = class; | )

will be written as h

P(y=i|x)
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Classification: Softmax

= Classification

y= f*(x), xeR? ye{class;}",

The Softmax layer can be rewritten as:
exp(wi - h -+ bz,;)
k
ijl exp(w; - h + b;)

P(y = class; | h) :=

where, in thiscase: h := g(Wx + b)

(yet, more in general, h. can be anything)
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Classification: Softmax

= Softmax as a layer

The entire Softmax layer can be rewritten as:

P((5 = )f | b) = VSR D)
Y > exp(Wgsh + bg)
Probability distribution * sum ofal components
(a vector)
where: — wy — | by |
Wg := bg =
| Wi — _bk_

Thevector Wsh + bg is sometimes referred to as the logit (vector)
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Classification: Softmax

= Cross-entropy (in general)
P and () are probability distributions on a discrete random variable Yy € {1, IR k}

ZQ j)log P(j = j)

= A Joss function for Softmax

Q describes the 'true' class, i.e., the one in the dataset

,\() {1 ify(i):j

Yi 0 otherwise

while P is the output of the Softmax layer

Log Loss when true label = 1

Py=jlh) |
Hence, the loss is: 3 °l
L(h®,yy . Z@( Vlog P(j = j|h?) )

— log Ply=y (#) |h("3)) ey

Deep Learning 2025-2026 Regression vs. Classification 8]



Classification: Softmax

= Cross-entropy for Softmax
k

L(h,y ") == d(y™ = j)log P(j = jlh)
j=1
Expressing the loss function in vector form:

Y1 P1
y= |1,y =0y=j) p=1|:|,p:=Ply=3lh)

| Yk | ‘one hot'representation | Pk_
L(hD,y) = —y™ - log(p™)

which implies that also the dataset has to be transformed in the 'one hot' representation

D= {(z", y")} L = = {(", y")} L

1=1 1=1
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Classification: Softmax

* Gradient of Softmax (layerwise)

Z LR, y®)

819

5 N
— _192 h(% ,y(@

N
Z — 1og (p')

This is a matrix

0
09
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log(p) =

3191 log(pl)

| 55— log(pk)

Zyz) log (z
Zyz) log (z

a%d log(p1)]

55~ log(p) |

2 log(p1) -

3% log(pr) —
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Classification: Softmax

* Gradient of Softmax (layerwise)

0 0

a—ﬂlog( p;) = 8—1910gP( y=7jlh)

—ﬂlog exp(w; - h + b;)

09 Zl:l exp(’wl -h + bl)

d
~ 09

k
(log exp(w; - h +b;) logz exp(w; - h + bl))
=1

0 logZeXp w; -h+ b))

Wj-h+bj) 8’19
=1

EL
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Classification: Softmax

* Gradient of Softmax (layerwise)
0 0 0

—1 — (w: - .
2]
Casel: 9 =w, or 9=, 8h'
oVl
Ohl
Case2: h(19) ie. isageneric parameter on which h depends —819[ -]
J

Let's compute the two contributions separately

0
81 §: h+ b))
81_9 og eXp’lUl l

=1
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Classification: Softmax

* Gradient of Softmax (layerwise)

0
EL

'wjh+bj)

Casel: 9 =w, or UJ=0,

0

ow,

Ob,.

0
—('wj-h—l—bj):<

r

0 ifr#j

\ h otherwise

(0 if r # j

1 otherwise

Case2: h(19) ie. ¥ isageneric parameter on which h depends

0

09
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0

(wj -h+bj) =w;-—<h

oV
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Classification: Softmax

* Gradient of Softmax (layerwise)

0

k
59 log ; exp(w; - b + b;)

Casel: 9 =w, or ¥=0,

0

Jw,

k
logZexp(wl ch+b) =
=1
1

0

anzl exp(w,, - h + b,,) OW;

1

anzl exp(w,, - h + b,,)

exp(w, - h +b,.)

B anzl exp(w,, - h + by,)
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‘ 9
Zexp(wl -h + bl)@w

=1

h

k
Z exp(wy - h + b;)

=1

prh

r

(wl -h—l—bl)
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Classification: Softmax

* Gradient of Softmax (layerwise)

k
0

9 :

59 .08 ;21 exp(w; - h + b;)

Casel: 9 =w, or ¥=0,

0

k
5y 108 >_explwi - h+b) =

= 1 § &
— exp(w; - h + b;)
an:l exp(w,, - h + b,,) 0b, lz:;
1 K B,
= -h+b -h+b
an:l exp(w,, - b+ b)) ;eXP(’wz + l)abr (wy + b;)

B exp(w, - h +b,.)
Zﬁlz1 exp(w,, - h + b,,)

= Pr
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Classification: Softmax

* Gradient of Softmax (layerwise)

0

59 logZexp w; - h + b))

=1

Case2: h(19) ie. 1 isageneric parameter on which h depends

0

1
59 og;exp w;-h+b) =
1

9,
— exp(w; - h + by)
anzl exp(w,, - h + b,,) 00 ;
k

1 s,
T el b o P g )
m=1 m mj =1
i exp(w; - h +b,.) 0 i 0
[ r T T
= —h
; > 1 €XP(Wpy - b+ by, ) o9 (;plwl )8’9
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Likelibood
(or the Mother of All Loss Functions)
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MSE: Choosing the Noise Model

= Function approximation
y = f*(x), xR

Feed-forward neural network

o~

y=flz;9)=w-g(Wx+b)+b

Assume that the dataset is noisy
) ) Gaussian noise, constant variance
e 1 1 N ’
D ._{(w()’y()) N /

where y ~ N (ul,0%), p = f*(@?), Vi

Then, the approximator function can be interpreted as:

p= f(z;9)
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MSE: Choosing the Noise Model

= |ikelihood of the dataset

Assuming all data items (w(i) : y(i)) are Independent and Identically Distributed (1.1.D.)

. - N

Joint Probability . :

of the dataset, L(D;9) = H Py |2 9)

given (% 1=1 / Gaussian noise, constant variance

1 (y — u“))2)]
log L(D;9) = lo exp | —
g L(D; ) 2 glm p( 52
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MSE: Choosing the Noise Model

= Likelihood of the dataset
Assuming all data items (az(i) : y(i)) are Independent and Identically Distributed (1.1.D.)

al ( 1 (y(i)—u(i))‘Z)

log L(D;9) = Z —5 log(2mo?) — 52
i=1

Actually, o is constant and it is not involved in the maximization:
N

argmax log L(D;9) = — Z(y(i) — ()2
v i=1

By convention, minimization (i.e., gradient descent) is preferred:
N

argmin MSE(D;49) = Z(y(i) — )2
U

1=1

Moral: Mean Squared Error (MSE) is the right loss function
when the noise model is Gaussian with constant ¢
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Softmax: End-toEnd Likelihood

= Classification

y= f*(x), xR ye{class;}",

The Softmax layer (as a function of the logit vector):

class c logit vector

_ exp( 2
Ply=y.|z;9) = (%)

S exp(z)
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Softmax: End-toEnd Likelibood

= Likelihood of the dataset
Assuming all data items (;c(i) : y(i)) are Independent and Identically Distributed (1.1.D.)

Joint Probability N : : :
of the dataset, E(D§ 19) = H P(Zj(z) = y(z) | z(z)§ 19)
given U9 i=1

o exp(zgi))
(i))

k
i=1 23:1 eXp(Zj
Define an indicator (i.e., one-hot encoding)

: : 1 if g =¢
20— T = o) — Y
Yo (v ) { 0 otherwise

The likelihood becomes:

c(p;9) =111
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Softmax: End-toEnd Likelibood

= Likelihood of the dataset
Assuming all data items (x (@), (i)) are Independent and Identically Distributed (1.1.D.)

(4)
log L(D;9) ZZyC") log exp(zc ) )]

(2)

1=1 c=1 3:1 eXp(Zj
N K
=Y > 1P 1log P(3" = y. |2 9)
1=1 c=1

N the log of a probability is always
7 : . / negative or zero
= log (5" =y |29 9)

By convention, minimization (i.e., gradient descent) is preferred:

argmln CE(D;9) ZlogP j() = 1) | 2. 9)

1=1

Moral: Cross Entropy (CE) is the right loss function
when the class attribution is uncertain (noisy)
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Regularization
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Beyond Likelihood: Regularization L1 Regularization L2 Regularization

Ldata(yisfﬂ(xi)) Ldt Yi, .f19(7:

= A penalty on complexity coefficient Al @ |z ®
% Penalty on complexity | | | 2
Ltota,l — Lda,ta, + )\R('ﬁ) \/

92
9

= Norm-based regularization T T S
L, Regularization (Weight Decay)

1 1 1
R(9) = 5||ﬁ\|§ — 5193%9 =5 (U7 +95+---+9;)

Geometrically, it pushes the solution toward a sphere centered at the origin
Smoothes the function by preventing any single feature from dominating

L, Regularization (Lasso)

R(Y) = [|9]1 = E Vil = |01] + [Da2] + - + [Dn]
i—1
Promotes sparsity (forces many weights to exactly zero). Useful for feature selection.
[https://medium.com/@iambeingferoz/I1-vs-12-regularization-intuition-geometry-and-bayesian-view-da18a2b74de1]
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Dropout

zation:

Stochastic Regulari

= Knocking-out at random

At inference time,
dropout is not active

For each mini-batch, a small percentage of 'units' is de-activated
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Inference Time

Training: mini-batch 2 Training: mini-batch 3

Training: mini-batch 1

Instead of penalizing the values of weights, it promotes the reliability of the network

each unit must learn robust, independent features

It prevents co-adaptation
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