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Artificial Intelligence
A course about foundations
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Factorizations & Graphs
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Chain Factorization
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Chain Factorization
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Chain Factorization and Independence Assumptions

▪

▪

A B C D
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Chain Factorization and Independence Assumptions

▪

▪

A B C D

A B C D
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Determining Independence
from Graphs
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Graphical models (a.k.a. Bayesian Networks)

▪

•

•
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From graphical models to joint probability
▪

parents(Xi)

Xi

<R  S | C> <W  C | R, S>

24 = 16

9
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Patterns in Graphical Models

▪

sequence
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Patterns in Graphical Models

▪

fork
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Patterns in Graphical Models

▪

join or collider
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Patterns in Graphical Models

▪

join or collider

(with descendant)

Descendant
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d-Separation
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Paths in Graphical Models

A B

A B

M2 Y
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Blocked Paths in Graphical Models

A B
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Blocked Paths in Graphical Models

A B
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Blocked Paths in Graphical Models

A B
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Blocked Paths in Graphical Models

A B
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D-Separation in Graphical Models

▪

A B

A B
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Graphical models: fundamental assumptions

▪

▪

A
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D-Separation in Graphical Models

Cloudy WetGrass

sequencesequence
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D-Separation in Graphical Models

Cloudy WetGrass

Sprinkler Rain

<Cloudy  WetGrass | Sprinkler, Rain>
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D-Separation in Graphical Models

Sprinkler Rain

fork

join
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D-Separation in Graphical Models

Sprinkler Rain

Cloudy WetGrass

< Sprinkler  Rain | Cloudy > 
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Inference in
a Graphical Model
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Building a graphical model
▪

T : (tampering)

F : (fire)

A : (alarm)

S : (smoke)

L : (leaving)

R : (report)
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Building a graphical model
▪

T F

A S

L

R

<T  F >  
A L R

<A  S | F>

<L  T | A>

<L  F | A>

<A  R | L>

T : (tampering)

F : (fire)

A : (alarm)

S : (smoke)

L : (leaving)

R : (report)
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Building a graphical model
▪

T F

A S

L

R

L R P(R | L)

0 0 0.99

0 1 0.01

1 0 0.25

1 1 0.75

A L P(L | A)

0 0 0.999

0 1 0.001

1 0 0.12

1 1 0.88

T F A P(A | T,F)

0 0 0 0.9999

0 0 1 0.0001

0 1 0 0.01

0 1 1 0.99

1 0 0 0.15

1 0 1 0.85

1 1 0 0.5

1 1 1 0.5

F S P(S | F)

0 0 0.99

0 1 0.01

1 0 0.1

1 1 0.9

T P(T)

0 0.98

1 0.02

F P(F)

0 0.99

1 0.01

T : (tampering)

F : (fire)

A : (alarm)

S : (smoke)

L : (leaving)

R : (report)
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Probabilistic inference
▪

T F

A S

L

R

Example: finding A given L=1 e S=0

Joint distribution, from the graph:L R P(R | L)

0 0 0.99

0 1 0.01

1 0 0.25

1 1 0.75

A L P(L | A)

0 0 0.999

0 1 0.001

1 0 0.12

1 1 0.88

T F A P(A | T,F)

0 0 0 0.9999

0 0 1 0.0001

0 1 0 0.01

0 1 1 0.99

1 0 0 0.15

1 0 1 0.85

1 1 0 0.5

1 1 1 0.5

F S P(S | F)

0 0 0.99

0 1 0.01

1 0 0.1

1 1 0.9

T P(T)

0 0.98

1 0.02

F P(F)

0 0.99

1 0.01
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Probabilistic inference
▪

Note that:

This is a normalizing term:

it can be computed from

Typically, the most time-consuming computations

in an inference problem are marginalizations

In fact:

T F

A S

L

R

L R P(R | L)

0 0 0.99

0 1 0.01

1 0 0.25

1 1 0.75

A L P(L | A)

0 0 0.999

0 1 0.001

1 0 0.12

1 1 0.88

T F A P(A | T,F)

0 0 0 0.9999

0 0 1 0.0001

0 1 0 0.01

0 1 1 0.99

1 0 0 0.15

1 0 1 0.85

1 1 0 0.5

1 1 1 0.5

F S P(S | F)

0 0 0.99

0 1 0.01

1 0 0.1

1 1 0.9

T P(T)

0 0.98

1 0.02

F P(F)

0 0.99

1 0.01

This is the joint distribution to be computed:
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▪

T F

A S

L

R

By rewriting the joint distribution:

1

<A R | L>

Probabilistic inference

L R P(R | L)

0 0 0.99

0 1 0.01

1 0 0.25

1 1 0.75

T F A P(A | T,F)

0 0 0 0.9999

0 0 1 0.0001

0 1 0 0.01

0 1 1 0.99

1 0 0 0.15

1 0 1 0.85

1 1 0 0.5

1 1 1 0.5

A L P(L | A)

0 0 0.999

0 1 0.001

1 0 0.12

1 1 0.88

F S P(S | F)

0 0 0.99

0 1 0.01

1 0 0.1

1 1 0.9

T P(T)

0 0.98

1 0.02

F P(F)

0 0.99

1 0.01
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Probabilistic inference
▪

T F

A S

L

R

f

f

1L R P(R | L)

0 0 0.99

0 1 0.01

1 0 0.25

1 1 0.75

T F A P(A | T,F)

0 0 0 0.9999

0 0 1 0.0001

0 1 0 0.01

0 1 1 0.99

1 0 0 0.15

1 0 1 0.85

1 1 0 0.5

1 1 1 0.5

A L P(L | A)

0 0 0.999

0 1 0.001

1 0 0.12

1 1 0.88

F S P(S | F)

0 0 0.99

0 1 0.01

1 0 0.1

1 1 0.9

T P(T)

0 0.98

1 0.02

F P(F)

0 0.99

1 0.01
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Probabilistic inference
▪

T F

A S

L

R

parents A descendants A

A

L R P(R | L)

0 0 0.99

0 1 0.01

1 0 0.25

1 1 0.75

T F A P(A | T,F)

0 0 0 0.9999

0 0 1 0.0001

0 1 0 0.01

0 1 1 0.99

1 0 0 0.15

1 0 1 0.85

1 1 0 0.5

1 1 1 0.5

A L P(L | A)

0 0 0.999

0 1 0.001

1 0 0.12

1 1 0.88

F S P(S | F)

0 0 0.99

0 1 0.01

1 0 0.1

1 1 0.9

T P(T)

0 0.98

1 0.02

F P(F)

0 0.99

1 0.01
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Variable elimination for graphical models
▪

f
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Graphical models as a probabilistic method
▪

▪

• R

•

•
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Graphical Models
in Action
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Example of graphical models
▪

▪

▪

X1 X2 X3 X4

X1 X2 X3 X4

X1 X2 X3 X4

Y1 Y2 Y3 Y4

Xi

...

...
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Example: anti-spam filter

▪ 0 1

▪ Y 1 0

▪ Xi i

X1

Y

X2 ... Xn
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Inference in the anti-spam filter

{Xk}

X1

Y

X2 ... Xn
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Inference in the anti-spam filter

{Xk}

X1

Y

X2 ... Xn
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Inference in the anti-spam filter

{Xk}

X1

Y

X2 ... Xn
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An aside: plate notation 
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