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Propositional possible worlds 

<{0,1}, P, v>

{0,1} 

P

v P {0,1}  P

P

A B C D

P 

 <{0,1}, P, v> 
  <{0,1}, P, v> 

 <{0,1}, P, v> 

 ... 

P {0,1}
v
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First-order possible worlds 

<U, , v>

U 


v   U


 a b c d

 f /n g /p h /q

 P /k Q /l R /m

Arity is an integer number  
that describes the expected number 

of arguments 
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First-order possible worlds 

<U, , v>

U 


v   U

f n n t1 tn

f(t1, ... , tn)

P n n t1 tn 

P(t1, ... , tn) wff
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First-order possible worlds 

<U, , v>

U 


v   U

 

v   

 v U 

v( a )  U  a  

 v U 

v( f /n )  : U
n  U  f /n  

 v U

v( P /m )  Um  P /n    
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Say it with atoms 
 <U, , v>

U

{ a, b, c, d, e, green, orange, red, rose, violet }


a, b, c, d, e, green, orange, red, rose, violet

colorOf/1 

Pyramid/1, Parallelepiped/1, Sphere/1, Ontable/1, Clear/1, Above/2, =/2

<U, , v>  

<U, , v>  Pyramid(a) 

     Parallelepiped(b), Parallelepiped(c), Parallelepiped(e) 

     Sphere(d) 

     Ontable(c), Ontable(e) 

     Clear(a), Clear(d) 

 

<U, , v>  (colorOf(a) = green), (colorOf(b) = orange), (colorOf(c) = red) , (colorOf(d) = rose)

 

<U, , v>  Above(a,b), Above(b,c), Above(a,c), Above(d,e) 

a 

b 

c 
e 

d 

Obiects in U are underlined  
constant symbols in  are not 
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Say it with atoms 
v

Pyramid(a), Parallelepiped(b), Parallelepiped(c), Sphere(d), Parallelepiped(e), 

(colorOf(a) = green), (colorOf(b) = orange), (colorOf(c) = red) , 
(colorOf(d) = rose) , (colorOf(e) = violet)

Ontable(c), Ontable(e), Clear(a), Clear(d) 

Above(a,b), Above(b,c), Above(a,c), Above(d,e) 

 

Parallelepiped(a), Parallelepiped(b), Parallelepiped(c), Sphere(d), Pyramid(e), 

(colorOf(a) = red), (colorOf(b) = violet), (colorOf(c) = pink) , 
(colorOf(d) = green) , (colorOf(e) = orange)

Ontable(a), Ontable(c), Ontable(e), Clear(a), , Clear(b), Clear(d) 

Above(b,c), Above(d,e)

Pyramid(a), Parallelepiped(b), Parallelepiped(c), Parallelepiped(e) 

Sphere(d) 

(colorOf(a) = green), (colorOf(b) = orange), (colorOf(c) = red) , 
(colorOf(d) = rose) , (colorOf(e) = violet)

Ontable(c), Ontable(e), Clear(a), Clear(d) 

Above(a,b), Above(b,c), Above(a,c), Above(d,e) 

a 

b 

c 
e 

d 

e 
c 

b 

a 

d 

e 
c b 

a d 

<U, , v1>  

<U, , v2>  

<U, , v3>  
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Abstraction: variables and quantifiers 

x y (Above(x,y))  

y x (Above(x,y)) 

  

xy (On(x,y)  (Above(x,y)  z (Above(x,z)  Above(z,y))) 

x (Ontable(x)  z Above(x,z)) 

x (Clear(x)  z Above(z,x)) 

a 

b 

c 
e 

d 
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Abstraction: variables and quantifiers 



xy (Brother(x, y)  Relative(x, y)) 



xy (Relative(x ,y)  Relative(y, x))



x (Mother(x)  (y Parent(x, y)  Female(x))) 



xy (Cousin(x,y) 

   zw (Parent(z, x)  Parent(w, y)  (Brother(z, w)  Sister(z, w)))) 



xy Mother(y, x) 

yx Mother(y, x) 
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First-order language 

 wff

 x y z

f n n t1 tn
f(t1, ... , tn)

 wff(LFO)

  wff(LFO)  ()  wff(LFO) 

,   wff(LFO)    (  )  wff(LFO) 

  wff(LFO)    (x )  wff(LFO)

,   wff(LFO),  (  )    (()  ) 

,   wff(LFO),  (  )    ((  ())) 

,   wff(LFO),  (  )    ((  )  (  )) 

  wff(LFO)   (x )   (x ) 
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Open formulae, sentences 


wff

wff

x P(x) 

x (P(x)  (A(x)  B(x)) 

P(x) 
y (P(y)  (A(x,y)  B(y)))



wff

wff

wff
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Possible worlds, interpretations, valuation 
 <U, , v>

U 


v  

 v U 

v( a )  U  a  

 v U 

v( f /n )  : U
n  U  f /n  

 v U

v( P /m )  Um  P /n    

v

 s

<U, , v> s

x U  
 s(x)  U 
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Satisfaction 
 <U, , v> s

  P(t1, ... , tn))

<U, , v> [s] <v(t1) [s], ..., v(tn) [s]>  v(P) [s]

 

  wff

<U, , v> [s]  <U, , v> [s] 

<U, , v> [s]  <U, , v> [s] <U, , v> [s]  

<U, , v> [s]  <U, , v> [s] <U, , v> [s] 

<U, , v> [s]  <U, , v> [s] <U, , v> [s]

<U, , v> [s]x  dU  <U, , v> [s](x:d)   

<U, , v> [s]  x  dU <U, , v> [s](x:d)   

[s](x:d) s d x
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Models 


wff  <U, , v> [s]   s 

<U, , v>  

<U, , v>  

<U, , v> s

<U, , v> wff 
wff 

<U, , v> 



 <U, , v> <U, , v> 
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Validity in general 


wff
<U, , v>

(P(x)  P(x))


<U, , v> 

 <U, , v>

x (P(x)  P(x))

xy (G(x,y)  (H(x,y)  G(x,y)))



wff

x (P(x)  P(x))
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Entailment 


wff  wff   

 

<U, , v> [s]  

<U, , v> [s] 
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*Say it with function or predicates?  



  xyz (((x,y)  (x,z))  (y = z)) 

  xy (x,y)  

(..) v() U2

U  U 
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*Many-sorted or nil ? (just for computer scientists) 

 

green,  colorOf(green),  colorOf(colorOf(green)), colorOf(colorOf(colorOf(green)))

nil 

nil

(colorOf(a) = green)  (colorOf(green) = nil) 

 

Above(a,b)  Above(b,c)  Above(c,nil) 

a 

b 

c 
e 

d 


